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A map O:GF(q)+--*GF(q) +, with 00=0,  is an orthomorphism of GF(q) + if 0 and the 
map r/defined by xrl = xO - x are both bijections. 
Orthomorphisms can be used in the construction of sets of mutually orthogonal latin squares 
and in the construction of affme planes. 
In this paper we give a method for constructing classes of orthomorphisms of GF(q) +. We 
also describe all orthomorphisms of GF(q) + for q ~< 8. 
I. Introduction and definitions 
Let G be a group, written additively whether abelian or not, and let 0 denote 
the identity element of G. An orthomorphism of G is a bijection O:G--> G for 
which the mapping T/:G--> G defined by xT/= xO-x  is also a bijection and for 
which 00 =07/=0.  The mapping x-->-(xO), 0 an orthomorphism, is called a 
complete mapping by many authors. The orthomorphism graph of a group G is 
the graph with vertex set { 0 :0  an orthomorphism of G }, two orthomorphisms 0, 
of G being adjacent if and only if the mapping 6 :G-->G defined by 
x6 = xO -x~p is a bijection. 
An r-clique of the orthomorphism graph can be used to construct a set of r + 1 
mutually orthogonal latin squares (see Johnson, Dulmage and Mendelsohn [3] or 
Jungnickel [5]) and if }G[ = n, then an (n - 2)-clique of the orthomorphism graph 
can be used to construct an afline plane of order n (see Evans and Mcfarland [2] 
or Johnson, Dulmage and Mendelsohn [3] or Jungnickel [5]). Orthomorphisms of
GF(q) +, the additive group of the field of order q, have also been used in the 
construction of Bol loops (see Niederreiter and Robinson [7 and 8]). 
Orthomorphism graphs of small abelian groups have been studied by Johnson, 
Dulmage and Mendelsohn [3] and the structure of the orthomorphism graph of 
GF( l l )  + has been studied by Evans and Mcfarland [2]. Computers were used in 
both these studies to generate the orthomorphisms. In this paper we show that, 
for the special case G = GF(q) +, all orthomorphisms of G can be constructed 
from solutions to systems of linear equations over GF(q). We use this technique 
to construct classes of orthomorphisms of GF(q) + and we generate all or- 
thomorphisms of GF(q) + for q ~< 8. 
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2. The method of construction 
In this section we give a general method for constructing classes of or- 
thomorphisms of GF(q) +. We then apply this method to obtain a large class of 
orthomorphisms. The following theorem and its corollaries describe this method. 
Theorem 2.1. Let 0 be an orthomorphism of  GF(q) + and let x~, i = 1 , . . . ,  q - 1 
be a labelling of  the elements of  GF(q)*. Then there exists a e GF(q) - {0, 1} and 
a permutation o of  the set {1, . . . ,  q - 1}, with [{i: o(i) = i}[ >~2, such that 
Xi  0 --" ax  o ( i )  , 
Proof. Let x~O = f(x~)xi. Then xiO - -  X i " -  ( f (x i )  - -  1)x~. As f(x~) #: 0, 1, for i = 
1 , . . . ,  q - 1, there exists a e GF(q) - {0, 1} and ], k e {1 , . . . ,  q - 1}, j =/= k, 
with xjO = axj and xkO -- axk. Define o by xo(i) = xiO/a to complete the proof. [] 
The following two results are immediate corollaries. 
Corollary 2.1. Let 0 be an orthomorphism of  GF(q) + and let x~, i = $ , . . . ,  q - 1 
be a labelling of  the elements of  GF(q)*. Then there exists a e GF(q) - {0, 1} and 
permutations a, e of  the set {1, . . . ,  q - l} ,  with I{i: o( i )=i}l>~2, such that 
aXo(i)--Xi- '(a--1)Xe(i).  Further o ( i )= i  if and only if e ( i )= i  if and only if 
a(i) = e(i). 
Corollary 2.2. Let o, e be permutations of  the set {1, . . . ,  q - 1},with I{i: o(i) = 
i}1>~2 and a ( i )= i  i f  and only if e ( i )= i  if and only if a ( i )=e( i ) .  Let 
a, x l , . . . ,  Xq-1 satisfy the system of  equations aXofi) -x i  = (a - 1)x~(i), i = 
1, . . . ,  q -  1. Then the mapping 0 defined by xiO =aXo(o and O0 =0 is an 
orthomorphism of GF(q) + i f  and only if the following hold: 
(i) a :/=0, 1; 
(ii) x i~O for i=  l, . . . , q -1 ;  
(fii) xi = xj i f  and only if  i = j. 
We can use Corollary 2.2 to generate orthomorphisms of GF(q) + by first 
selecting permutations o, e of the set {1 , . . . ,  q - 1} and then solving the system 
of equations aXo( 0 -x i  = (a - 1)x~(0, i = 1 , . . . ,  q - 1, for a, x l , . . . ,  xq_l. The 
following is an example of this method. 
Example 2.1. Let o(i) = e(i) = i, i = 1 , . . . ,  q - 1. Then aXo( o - xi = (a - 1)xi = 
(a -1 )x , (  0 for i = 1 , . . . ,  q -  1 for all choices of a, x l , . . . ,  Xq-1. The cor- 
responding set of orthomorphisms is {Io: xlo = ax, a ~ O, 1}. 
Next we use the method of Corollary 2.2 to generate a large class of 
orthomorphisms. 
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Theorem 2.2. Let n and r be integers, 2 <~ r < n <-q -  3 and n Jq -  1, and let 
b, c e GF(q), b ~ 0 and c not an nth root of  unity. Let ~ be a primitive nth root of  
unity and let a = (1 - ~r)/(~ _ ~r). Then the mapping 
O:x~{abax(~i+~-c)  if  x=b(~i -c ) ,  
otherwise 
is an orthomorphism of  GF(q) +. 
Proof. Define o, e permutations of the set {1 , . . . ,  q - 1}, by o = (12. • • n) and 
e(i) -- i + r (rood n) for i <~ n, e(i) = i for i > n. Set x~ = b(~ i - c) for i <~ n and let 
x , ,+~, . . . ,  Xq_x be a labelling of the elements of GF(q)* -{x~, . . . ,  x,,}. Then 
aXo(i) -x i  = (a - 1)x~o), a :¢=0, 1, xi =/=0 all i and xi =x  s if and only if i = j .  Hence, 
by Corollary 2.2, 0 is an orthomorphism of GF(q) +. [] 
It is natural to ask whether solutions to the system of equations used in the 
proof of Theoreha 2.2, can be used to construct orthomorphisms that are not of 
the form given in Theorem 2.2. Our next result shows that, under certain 
conditions, the answer is no. 
Theorem 2.3. Let n, r be positive integers, 2 <~ r < n <<- q - 3, (n, q) = 1 and define 
o, e, permutations o f  the set {1, . . . ,  q -  1}, by o= (12- - -n )  and e(i)=--i + 
r (rood n), for  i<~ n, e ( i )=  i for  i > n. Further, assume that the solution space of  
axo(o -x i  = (a - 1)x~(o, i = 1 , . . . ,  n, has rank at most two for  every choice o f  a. 
Then there exists an orthomorphism 0 defined by x~O = aXo(o and 00 = 0 for  
which aXo(i) - xi = (a - 1)x~(i), {xl, • • •, xq-z} = GF(q)*, i f  and only i f  n I q - 1 
I f  n I q - 1 then there must  exist a primitive nth root o f  unity ~ and b, c ~ GF(q) 
with a = (1 - ~')/(~ - ~r) and xi = b~ i + c for  i = 1 , . . . ,  n. 
Proof. Let P denote the n x n permutation matrix 
i01 11 10 
and let A = aP - I + (1 - a)P' .  If X = (xl,  • . . ,  Xn) T, then the system axo( 0 - 
x i=(a -1)x~(0 ,  i= l , . . . ,n  can be written as AX=O.  Let F be the nth 
eyelotomie xtension of GF(q)  and let r /be  a primitive nth root of unity. Then 
the eigenvalues of A are {~.~ = arl i - 1 + (1 - a)~//'; i = 0 , . . . ,  n - 1} and the 
eigenvector of A, corresponding to Z~, is b(r/~r/n, . . . ,  1) T. 
Now n-2<~rankA<.n-1  and to obtain a solution for a, x l , . . . , xn  with 
a #: 0, 1 and x~ ~ constant we must have rank A = n -  2. This can only occur if, 
for some i, a(~ i -  l'lir) -" l - -  71 ir and xs= b(rli)J + c. The mapping O:xi--->aXoo ) 
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can be an orthomorphism only if x l , . . . ,  Xn are distinct, i.e., b #= 0 and ~i a 
primitive nth root of unity. Also 0 can be an orthomorphism only if xi e 
GF(q), i = 1 , . . . ,  n, from which it can be shown that Tf e GF(q). Thus n [ q - 1 
and the proof can be completed using Corollary 2.2. [] 
The following result is obtained by showing directly that the solution space of 
the system of equations aXo(o -x~ = (a - 1)x~(0, i = 1 , . . . ,  n, has rank at most 
two. 
Corollary 2.3. Let n, r, o, e be as in Theorem 2.3, with r = 2 or n - 1. Then the 
conclusion of  Theorem 2.3 holds. 
In Example 2.1 we introduced the 
see that if a 4= b, then 1. is adjacent 
between an orthomorphism 0 and 1°. 
orthomorphisms {la:XI, = ax}. It is easy to 
to lb. The following is a test for adjacency 
Its proof is routine and is left to the reader. 
Theorem 2.4. Let {x l , . . . ,  Xq_l} = 
GF(q) + for  which xiO = axoo). Then 
mapping xi---> (aXo(o-  bxi)/(a - b ),is 
GF(q)* and let 0 be an orthomorphism of  
0 is adjacent o Ib, b :/= a, if and only if the 
a permutation of  the set {xi: i 4= o(i)}. 
We next show that under certain conditions two orthomorphisms must be 
adjacent o the same elements of {I.: a :/:0, 1}. 
Theorem 2.5. Let {Yl, . . . , Yq-1} = {zl, . . . , Zq-s} = GF(q)* and let O, dp be 
orthomorphisms of  GF(q) + satisfying y~O = ayo(o and z~dp = azoti), with ayoo) - 
Yi = (a - 1)ye(0 and aZo(o - zi = (a - 1)z~0 ) for  i = 1 , . . . ,  q - 1. Further suppose 
that the solution space o f  the system of  equations axo(o -x i  = (a -  1)x~( O, i E 
st]: o(1") :k j}, has rank two. Then 0 is adjacent o lb i f  and only if dp is adjacent o 
lb. 
Proof. We must have z~ = cy~ + d for i = 1 , . . . ,  n for some c, d ~ GF(q). Thus 
(aZoto -bz~) / (a -b )=c(ayoo) -by i ) / (a -b )+d and the result follows by 
Theorem 2.4. [] 
3. Data for small values of  q 
In this section we define several classes of orthomorphisms of GF(q) +. In 
particular we describe all orthomorphism of GF(q) + for q <~8. 
We know that any orthomorphism of GF(q) + can be constructed by solving a 
system of equations of  the form aXoo ) - x~ = (a - 1)xeo), i = 1 , . . . ,  q - 1 for 
a, x l , . . .  ,xq_~ (see Corollary 2.2). We call such a system of equations a 
(o, e)-system and [{i: o(i)q=i}l is called the order of the system. We say that a 
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(o, e)-system yields orthomorphisms if for some solution a, X l , . . .  , Xq_  1 Of the 
system, the mapping 0 :xi--->axo<i)(00 =0) defines an orthomorphism of GF(q) +. 
A (o, e)-system of order two yields no orthomorphisms. We say that the 
(o, e)-system is equivalent to the (o', e')-system if there exists a permutation ~ of 
the set {1 , . . . ,  q -  1} with o '= ~-10~ and e '= ~- le~.  As two systems are 
equivalent if and only if one can be obtained from the other by a relabelling of 
{x~, . . . ,  xq-1}, equivalent systems yield the same set of orthomorphisms. Thus 
to calculate all the orthomorphisms of GF(q) ÷ for q ~< 8 we need to solve all the 
(o, e)-systems, up to equivalence, of order at most five. 
A different approach to calculating orthomorphisms of GF(q) + is given in 
Niederreiter and Robinson [8]. Any permutation of the elements of GF(q) ÷ can 
be represented by a polynomial of degree less than q. If the permutation is a 
complete mapping then Niederreiter and Robinson call the corresponding 
polynomial a complete mapping polynomial. They show that any complete 
mapping polynomial can have degree at most q - 3, and list all complete mapping 
polynomials of degree less than six (See Niederreiter and Robinson [8, table 2]). 
Thus, they have implicitly listed all orthomorphisms of GF(q) ÷ for q at most 8. 
All orthomorphisms of GF(q)+ are of the form - f (x) ,  where f(x) is a complete 
mapping polynomial satisfying f(0) = 0. 
The orthomorphsms yielded by a system of order zero are described in 
Example 2.1. (o, e)-systems with o = (12- .- n), n ~< 5, e(i) =- i + r (rood n) for 
i <<-n, e(i)= i for i > n yield the orthomorphisms described in Theorem 2.3. All 
other (o, e)-systems, up to equivalence, of order at most five are given in the 
following examples. 
Example 3.1. Let a = (12)(34) and e = (13)(24). Using elementary methods we 
can show that this system yields orthomorphisms if and only if q is even, q i> 8, 
and a #: 0, 1. Then (X l , . . . ,  x4) = b(0, a + 1, a, 1) + c (1 , . . . ,  1). 
Example 3.2. Let tr = (12)(34) and e = 
isms if and only if q is odd, q > 
(x l , . . . , x4)=b(0 ,  a -  1, a, -1 )  +c(1 , .  
(1324). This system yields orthomorph- 
7, q - 1 (rood 4) and a 2 + 1 = 0. Then 
. . ,  1 ) .  
Example 3.3. Let a = (12)(345) and e = (13524). This system yields orthomorph- 
isms if and only if q is odd, q > 8, 2x z - x + 1 factors in GF(q) and 2a 2 - a + 1 = 
0. Then (xl, •. •, xs) = b(0, 1 - 3a, -a  - 1, 2 -  2a, -4a)  + c (1 , . . . ,  1). 
Example 3.4. Let o=(12)(345) and e=(135)(24). This system yields or- 
thomorphisms if and only if q is odd, q > 8, x 2 -x  + 2 factors in GF(q) and 
a 2 - a + 2 = 0. Then (x l , . . . ,  xs) - b(0, -a  - 1, -2 ,  1 - a, -2a)  + c (1 , . . . ,  1). 
Example 3.5. Let a= (12345) and e = (13542). This system yields no or- 
thomorphisms for any value of q. 
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Example 3.6. Let e = (12345) and e = (13)(254). This system yields orthomorph- 
isms if and only if q is odd, q > 8, 2x 2 - 3x + 2 factors in GF(q) and 2a 2 - 3a + 
2 = 0. Then (x l , .  • • ,  xs) = b(O, -a ,  a - 2, 3a - 4, a) + c (1 , . . . ,  1). 
We are now in a position to list all the orthomorphisms of GF(q) + for q ~< 8. 
For q = 3 or 5 we obtain only the orthomorphisms of Example 2.1. 
For q =7 we obtain five orthomorphisms from Example 2.1. These or- 
thomorphisms are mutually adjacent. We also obtain fourteen orthomorphisms 
from Theorem 2.3 with n - 3 and r = 2. These orthomorphisms have degree zero 
in the orthomorphism graph of GF(7) +. 
For q = 8 we obtain six orthomorphisms from Example 2.1. These are mutually 
adjacent. We also obtain forty two orthomorphisms from Example 3.1. With 
a, b, c as in Example 3.1 it is easy to show that the values of a and b uniquely 
determine the orthomorphism. In fact, we may tet {¢,,b, a :/: 0, 1, b 4: 0} denote 
the set of orthomorphisms obtained from Example 3.1 where 
ax i fx • {0, b, ab, ab + b} 
xdPa, b = a (x  + ab + b)  otherwise. 
Using Theorem 2.4 we can show that ~a,b is adjacent o Id if and only if d = a 2. 
If ¢Pa, b is adjacent o ~a,~ then Xdp,,,b = ax if and only if Xdp,,,B = ax. Hence ¢~,b 
cannot be adjacent o ~Pa, B for then, for some x, y, xdp,,t, = ay and ydPa,b = ax and 
so Xdpa,b -- Xdpa, B = a (x  + y )  = ydPa,b -- ycPo, B. Further adjacencies and non- 
adjacencies have to be determined by direct calculation. As an example, if 
GF(8) = {a + bx + cx2; x 3 = 1 + x,  a, b, c e GF(2)}, then ~Px,1 is adjacent to 
~bx+l,B if and only if B e {1, x 2, 1 + x 2, 1 + x + x 2} and ~P~,x is adjacent o ~Px+I,B if
and only if B e {x, 1 + x, 1 + x2}. 
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